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1 Introduction 

In this paper, we study existence of solution for the problem 

( 1 ) 


—Av = Xv'^ + f{v), 

in 

n, 

V > 0 

in 

H, 

V = 0 

on 
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where ri C , N > 2, is a bounded domain with smooth boundary, A > 0 is a parameter, 
0 < O' < 1 and / : M ^ M is a continuous function satisfying 

( 2 ) 0 < f{s)s < Clsr^, 

where 1 < p < if > 3 or 1 < p if = 2. 

Our main result in this paper is the following: 

Theorem 1.1 Suppose that / : M ^ M is a continuous function satisfying Then, there 
exists A* > 0 such that for every A G (0, A*) the problem (GP has a positive solution u G 
for some 7 G (0,1). 


Elliptic problems of the type 


(3) 


—Av = g{x,v) in 0, 
u = 0 on dQ, 


where g{x, v) is continuous and behaves like + vP as |u| —)■ +cx) have been extensively studied; 
see for example mum for a survey. One of the main results with nonlinearity combined effects 
of concave and convex was introduced in [ 1 ], namely, g{x, u) = \u^ + with 0 < g < 1 < p. 
We say that g has sublinear growth at +cx) if for every cr > 0 we have 


lim 

|s|—>-+oo 


9{x, 


IfT+l 


0 uniformily in x 


and say that g has superlinear growth at +00 if for every u > 0 we have 


lim 

|s|^+oo 


g{x,s) 

|s|°'+^ 


00 uniformily in x. 


We would like to righlight that the only assumptions which we assume are that 0 < <7 < 1 
and that / is continuous and satisfies the growth condition ([2]). This way, the nonlinearity 
g[s) = As*^ + f{s) of problem ([ 1 ]) can have sublinear or superlinear growth at + 00 . 

Most papers treat problem ([3]) by means of variational methods, then it is usually assumed 
that g has sublinear or superlinear growth and, sometimes, sg{s) > c|s|^, where c > 0 is a 
constant and p > 2; see for example m- Another common assumption on g is the so-called 
Ambrosetti-Rabinowitz condition that means the following: 


3R > 0 and 9 > 2 such that 0 < 9G{x, s) < sg{x, s) V|s| > R and x G Al, 
where G{x, s) = g{x, T)dT. 

Even when the Ambrosetti-Rabinowitz condition can be dropped, it has to be assumed some 
condition to give compactness of Palais-Smale sequences or Cerami sequences. See for instance 
[^, where they assume 

g : Q xW is continuous and g{x,0) = 0 ; 
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3tQ > 0 and M > 0 such that 0 < G{x, s) < Mg{x, s) V|s| > to and x G 


0 < 2G{x, s) < sg{x, s) V|s| > 0 and x € Q. 

See also [9]. 

We are able to solve ([T|) under weaker assumptions by using the Galerkin method. For that 
matter we approximate / by Lipschitz functions in Section [2j In Section [3] we solve approximate 
problems. In Section 0] we prove a regularity result to approximate problems. Section 0] is 
devoted to prove Theorem m in doing so we show that solutions Vn of approximate problems 
are bounded away from zero and converge to a positive solution of ([T]). 

At last in this introduction, we would like to emphasize that a similar approach was already 
used in [T], but different to that, we do not assume that the nonlinearity / is Lipschitz continuous. 


2 Approximating functions 

In order to proof Theorem 11.11 we make use of the following approximation result by Lipschitz 
functions, proved by Strauss in m- 

Lemma 2.1 Let / : M —>■ M 6e a continuous function such that sf{s) > 0 for all s G M. Then, 
there exists a sequence /fc : M —>■ M o/ continuous functions satisfying sfk{s) > 0 and 

(i) V/c G N, 3ck > 0 such that |/fc(0 - fk{r])\ < Ck\f, - gl, for all G M. 

(ii) (fk) converges uniformly to f in bounded subsets o/M. 


The proof consists in considering the following family of approximation functions /^ : M —>■ M 
defined by 


(4) 


fk{s) 


' -k[G{-k - 1) - G{-k)], if 
-MG(s-i)-G(.)], if 

kh[G{-l) - G{-1)], if 

fc 2 .[G(f)-G(i)], if 

A:[G(s + i)-G(s)], if 

^ k[G{k + l)-G{k)], if 


s < —k, 
-k<s< - 4 , 

-l<s<0, 

0<s<l, 

I <s <k, 
s > k. 


where G{s) = f{T)dT. 

The sequence {fk) of the previous lemma has some additional properties. 
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Lemma 2.2 Let / : M ^ M 6e a continuous function such that sf{s) > 0 for all s G M. Let us 
suppose that there exist constants C > 0 and I < p < such that 

(5) sfis) < , Vs G M. 

Then, the sequence {fk)keN from Lemma\2A\ satisfies 

(i) 0 < sfk{s) < C'i|s|P+^ for all |s| > 

(ii) 0 < sfk(s) < C' 2 |sp for all |s| < 
where Ci,C 2 do not depend on k. 

Proof: Everywhere in this proof, the constant C is the one given by (j^. 

First step: Suppose —k<s<—^. 

By the mean value theorem, there exists ?? G (s — s) such that 

fk{s) = -k[G{s - - G'(s)] = -kG'{r]){s - i - s) = f{r]) 

and 

sfk{s) = sf{r]). 

Ass—^<r]<s<0 and /(?/) < 0, we have sf{ri) < rif{r]). Therefore, 

sfk{s) < vfiv) < < CIs - < Cdsl + < G2P+^\sf>+\ 

Second step: Suppose ^ < s < k. 

By the mean value theorem, there exist rj £ (s, s + ^) such that 

fkis) = k[G{s + ^) - G'(s)] = kG'{r]){s + ^ - s) = f{r]) 

and 

sfk{s) = sf{r]). 

As0<s<t]<s + ^ and /(t?) > 0, we have 5 /( 77 ) < 77 /( 77 ). Therefore, 

sfkis) < vfiv) < < C\s + l\P+^ = C(|s| + i)P+' < G 2 P+^\s\P+\ 

Third step: Suppose |s| > k. 

Define 


fk{s) 


-k[G{-k - 1) - G{-k)], if s<-k, 
k[G{k + 1) - G{k)], if s>k. 
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If s < —k, by the mean value theorem, there exist rj € {—k — —k) such that 

h{s) = k[G{-k - i) - G{-k)] = -kG\rj){-k - 1 - i-k)) = /(t?) 

and 

sfk{s) = sf{r]). 


As —k — ^ < f] < < 0 and /c < |r/| < A: + ^, we have s/(ry) = fjr]f{ri). Therefore, 

sfk{s) = -vfiv) < p;C\T]\P+^ = 

r] |r/| 

= C\sMP < G\s\{k + if < CIsKIsl + if < G2P\s\P+\ 

If s > fe, by the mean value theorem, there exist £ (fc, fc + ^) such that 
fk{s) = k[G{k + ^) - G{^)] = kG'{r]){k + i - /c) = /(r/) 

and 

sfk{s) = s/(r?) = -vfiv) < P\C\v\^^^ = 

V \v\ 

= G\s\\v\P < G\s\ik + if < CIsKlf + if < G2P\s\P+\ 

Fourth step: Suppose 
Define 


r fcMG(-f)-G(-i)], if -1<S<0, 
\k^s[Gil)-Gil)], if 0<s<i. 

If — ^ < s < 0, by the mean value theorem, there exists v £ (“f > “i) such that 
fkis) = k'^s[Gi-^) - G'(-i)] = k'^sG'{v)i-\ - (-^)) = -ksfiv). 

Therefore, 

sfkis) = -ks^fiv) = -k—vfiv) < k^^vfiv) 

V \v\ 

< Ck\s\^\v\P < Ck\sWhp < G2P\s\^. 

k 

If 0 < s < ^, by the mean value theorem, there exist ry £ (^, f) such that 
fk{s) = A;^s[G(i) - G(i)] = k'^sG'iv)i^ ~ ^ ^sf{v). 


Therefore, 

sfkis) = ks‘^fiv) = A;^?7/(r7) < 

< Ck\s\^\v\P < Ck\s\^ihp < G2P\s\‘^. 

k 

The proof of the lemma follows by taking Gi = G2P^^ and G 2 = G2P, where G is like in ([S|). 
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3 Approximate problem 

In order to prove Theorem ll.il we first study the auxiliary problem 


( 6 ) 


-Av = Xv^ + fn{v) + in n, 

< u > 0 in n, 

u = 0 on dXl, 


where 0<g<l,A>0isa parameter and /„ : R —> M is a function of the sequence given by 
Lemma l2.II and Lemma 12.21 

We will use the Galerkin method together with the following fixed point theorem, see |10] 
and [HI Theorem 5.2.5]. A similar approach was already used in [I]. 


Proposition 3.1 Let F : R'^ —>■ R*^ be a continuous function such that — 0 every 

G R'^ with 1^1 = r for some r > 0. Then, there exists zq in the closed ball Br{0) such that 
F{zq) = 0. 


The main result in this section is the following theorem. 

Theorem 3.2 There exists A* > 0 and n* G N such that ^ has a weak positive solution for 
all A G (0, A*) and n> n*. 

Proof: Fix B = {wi,W 2 , ■ ■ ■, Wm ,... } a orthonormal basis of Hq{LI) and define 

Wm = [wi,W2, . . .,Wm], 

to be the space generated by {wi,W 2 , ■ ■ ■ ,Wm}- Define the function F : R™' —>■ R™' such that 
= {Fi{ 0 ,F 2 { 0 , .. .,Fm{0), where 

= [ 'VvVwj-X f {v+)‘^Wj - [ fn{v+)wj-- [ Wj, j = l,2,...,m 

Jn Jn Jn ^ Jn 

and let v = Therefore, 

(7) {F(0.0 = [ - A [ {v+r+^ - f Uv+)V+ - 1 / I,. 

Jq Jn Jn ^ Jn 

Given v G Wm we define 

D+ = {x G D : |u(3:)| > —} 

and 

Ll~ = {x G D : |u(x)| < —}. 

n 

Thus we rewrite (|7]) as 

{F{o,o = {m,Op + {m,ON, 
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where 


(F(0,Op = [ |Vr;p - A f (v+y^^ - [ fniv+)v+ - - [ V 

Jn+ Jn+ Jn+ ^ Jn+ 

and 

(^(0,0jV = [ _ ^ [ _iv+y^^ - j fn{v+)v+ - ^ [ _V. 

Step 1. Since 0 < g < 1, then 

(8) L(y*r' < [ i»r' = ii-iisi.m s '^iii''iis;!h)- 

< c [ iv^ru^ < 

- CzllollJjJj,) - ^ll“llHj(n). 


By virtue of (i) Lemma 12.21 we get 

(9) [ fn{v+)v+ 

Jnt 


( 10 ) 


It follows from (j8|) and ([9]) that 

{F{0,0p 


where Ci, C 2 and C 3 depends on C and |fl|. 
Step 2. Since 0 < g < 1, then 


( 11 ) I („,)!« < I i„r < 

By virtue of {ii) Lemmawe get 

(12) / fniv+)v+<C [ \v+\^dx<C\n\^. 

Jn- Jn- n 

It follows from (jlip and (jl2p that 

(13) {m?>«> / 

J 

It follows from (fTU]) and (fTH)) that 

{FiiU) > ll•'llh(fi)-^c■lll''IISih)-c■2ll”IISJh) 

Assume now that ||n||j)^i(Q) = r for some r > 0 to be fixed later. Hence, 

(F(0,e) > - ACir^+' - - A|L!|^ - C7|fl|4 - 
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We want to choose r such that 


in other words, 


Choosing r =-—]—, we obtain 

2(2C2)j^ 


r" - > y, 


r < 


(2C2)^ 


{F{iU) > y - ACir^+i - - A|0|^ - 

2 n n 

Now, defining p = ^ — AC'ir'^+^, we choose A* > 0 such that p > 0 for A < A*. Therefore, we 
choose A* = Now we choose n* G N such that 

—r+m^,+cM\ + m\<L 

for every n > n''. Let ^ E such that |^| = r, then for A < A* and n > n* we obtain 

(T(o,e)>^>o. 

Since fn is a Lipschitz continuous function for every n, by standard arguments it is shown 
that F is continuous, that is, give (xk) in M"* and x G M"* such that —>■ x we obtain 

F{xk) ^ F{x). 

Therefore, by Proposition 13.11 for all m G N there exists y G with \y\ < r such that 
F{y) = 0, that is, there exists Vm G Wm verifying ||xm||Hi(o) < r, for every m G N and such that 

I = A / {Vm+)'^W+ I fn{Vm+)w + - [ W, ^ W G Wm- 

Jn Jn Jn n Jn 

Since Wm C Hq{Q,), Vm G N, and r does not depend on m, then {vm) is a bounded sequence 
of Hq{Q). Then, for some subsequence, there exists x = G such that 

(14) Vm V weakly in Hq{^}) 
and 

(15) Vm —7> X in L^(fl) and a.e. in 11. 

Fixing A; G N and for every m such that m > k we obtain 

(16) / VVm'^Wk = X / {Vm+yWk+ / fn{Vm+)Wk + - [ Wk, ^Wk^Wk- 

Jn Jn Jn Jn 






Now, as g : Hq{VL) —>■ M defined by g{u) = VuVwk, for every u € Hq{Q,), we have that g 
is a continuous linear functional. It follows from (1141) that 


/ VVrn^Wk / VuVtCfc aS 771 —>■ OO 

JO J o 


(17) 

and by (fTKI) . we obtain 

(18) / fn{Vm+)wk / fn{v+)wk 

J Q J Q 


as m —>• 00 . 


Indeed, by Lemma ITT] (ii) it follows that \ fn{vm+) — fn{v+)\ < Cn\vm+ — I'+l, hence 


fn{Vm+)wk - / fn{v+)wk 

Jn 


<Cn\\wk\\L^(n)\\vm-v\\L2(^n) as m ^ oo, 


and then, (ITSD implies (fTS|l . By ([HD, (fTHp and Sobolev compact embedding, letting m —>■ oo, we 
obtain 

(19) A / {Vm+yWk + I fn{Vm+)Wk + “ / Wk ^ X f (v+yWk + [ fn{v+)Wk + “ / Wk- 

Jn Jn ^ Jn Jn Jn ^ Jn 

By (fT6l) . (fT71) . ([Top and by the uniqueness of the limit, we obtain 

I VvVwk = X I {v+ywk+ I fn{v+)wk + - I Wk, VwkeWk- 
Jn Jn Jn ™ Jn 

For density of [WfcjfcgN in Hq{Q) and by linearity, we conclude that 

(20) f VvVw = X f {v+yw+ f fn{v-^-)w — f w, 

Jn Jn Jn n Jq 

Furthermore, u > 0 in fl. In fact, as V- G Hq{Q), we obtain from (I2n|) that 

[ VvX/v- = X [ (u+)‘'u_ + [ fn{v+)v- + - f V-. 

Jn Jn Jn ^ Jn 

Hence, we have from Lemma l2.II that 

0 > = / X/vVv- = I fn{v+)v- + - I V->0, 

Jn Jn ™ JO 

with the result that Hf-= 0, that is, V-{x) = 0 a.e. in 12. Therefore, v{x) = v^{x) > 0 
a.e. in 12 and we conclude the proof of the theorem. 
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4 Regularity of Solution of the Approximate Prob¬ 
lem 

In this section, we show that all weak solutions of the problem ([6]) are regular. Let v € Hq{Q) 
be a weak solution of the problem ([6]) and define 

g{x) := Au''(x) + fn{vix)) + 

We have that 

(21) \g\ < Mv\‘^+ \fn{v)\ + -. 

n 

Notice that 

(22) |u|''< 1 + 

where 2 <t <2*. Here, 2* is the critical Sobolev exponent, that is, 

2iV 

N-2' 

Furthermore, since /„ : M —>■ M is a Lipschitz continuous function and /n(0) = 0, we have for 
each n € N that 


\fniv)\ < Cn\v\, 

and consequently, 

(23) \fniv)\<Cnil + \vt^), 

where 2 <t <2*. This way, by combining ([ 2 T]), (1^ and (f23|) . we obtain 

(24) \g\<Ci + C2\vt\ 
where 

1 


Cl A + Cn H— 


n 


and 


C2 := A + Cn. 

Then, using (|24p and well-known Bootstrap arguments, similar to those found in [7], we conclude 
that V G C^’'’'(H), for some 7 G (0,1). 
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5 Proof of the Theorem 11.11 


In this section, we demonstrate Theorem ll.il The following lemma of |10l Theorem 1.1] is used 
to show that converges to a solution u of ([I|) . 

Lemma 5.1 Let Q be a bounded open set in Uk ■ Ll ^ M. be a sequence of functions and 
: M ^ M 6 e a sequence of functions such that gk{uk) are measurable in for every k € N. 
Assume that gk{uk) —>■ v a.e. in H and lgk(uk)ukldx < C for a constant C independent of 
k. Suppose that for every bounded set B cM. there is a constant Cb depending only on B such 
that | 5 fc( 3 :)| < Cb, for all x ^ B and A; € N. Then v G L^(n) and gk{uk) v in L^{Q). 

Since v G 7 G (0,1), satisfies u > 0 and 

-Av = Xv‘^ + fn{v) + 

n 

it follows by assumptions on /„ that 


—Av > 0 . 

Then, by Maximum Principle, we have u > 0 in 11, that is, u is a solution of the problem ([ 6 ]). 
For each n G N, let us denote by Vn the solution of ([ 6 ]). It follows from (fTTl) that 

Vn weakly in Hq{Q) as m —>■ 00 , 

where, for each n G N, (um^)mGN is a sequence in satisfying 

< r, Vm G N. 


Then, 


^n|| < liminf II < r, VnGN. 

m—^oo 


Since r does not depend on n, there exists v G such that 

Vn ^ V weakly in 

By compact embedding, up to a subsequence, we have 

Vn ^ V in for 1 < s < 2* if > 3 or for 1 < s < +00 if = 2, 

and then, up to a subsequence, 

i) Vn{x) —>■ v{x) a.e. in H; 

ii) |un(x)| < h{x), Vn G N a.e. in H, for some h G L*(ll). 
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Notice that the following inequality holds: 


— AVn > XVn, in n, 
Vn > 0 in n, 

v„ = 0 on dQ. 


This way, considering Wn = X^-^Vn, we obtain 


. I Wn \ , f W' 

-A ( 1 > A 


A1-1 


A^ 


and consequently, 


-AWn > Wl- 


Let us denote by w the unique solution of the problem 

—Aw = w‘^, in n, 

w > 0 in n, 

^ w = 0 on 

The existence and uniqueness of such solution is proved in [S]. By Lemma 3.3 of [3], it follows 
that Wn > w, y n G N, that is, 

1 ^ 

(25) Vn{x) > Ai-iu;(x), a.e. in n,Vn G N. 

Taking the limit as n —>■ Too in (j25h . we obtain 

1 ^ 

v(x) > \ ^-'!w{x), a.e. in 0 

and hence u > 0 a.e. in Q. 

Recall that, from ([20]l . 

I VVnVw = X I {Vnyw+ [ fn{Vn)'W + - [ W, VrcGiLo(^)> 

Jn Jn Jn n Jq 

and using that Vn is a classical solution we have 

(26) 

Since 


- A Vn = XiVnY + fn{Vn) + - in L‘^{n). 

n 


Vn ^ V a.e. in 0, 


we have 


(27) 


fn{vn{x)) fiv{x)) a.e. in Xl 
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by the uniform convergence of Lemma l2.II (ii). 

Multiplying the equation (l26l) hy w = Vn and since Vn is bounded in Hq{Q) we obtain 

(28) f fniVn)Vndx < C, 

Jn 

for every n € N, where C > 0 is a constant independent of n. By (|27p . (|28p and by the expression 
of fn defined in ([H) , the assumptions of Lemma 15.11 are satisfied implying 

fn{vn) f{v) strongly in 


Multiplying (j26|) by u) € integrating on Q and using the previous convergences, we have 


(29) 


— Av = Xv‘^ + f{v) m'D'{Q). 


P+1 


P+1 


Since f{v) e L p (0) and Xv'^ G L p (Q), we conclude from (1291) that v G dlglQ) n 
W^’ p (n) and 

—Av = Xv‘^ + f{v) 

in the strong sense. Notice that the assumption ([2]) implies that 

\f{s)\<c\sr\ 


where 2 < t < 2*. Thus, using well-known Bootstrap arguments, we conclude that v G 
for some j G (0,1), and it is a classical positive solution of problem (fT|) . 
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